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The Continuity of the Most General Integral of the Calculus 
of Variations in Nonparametric Form* 
LIONELLO LOMBARDI 
University of California, Los Angeles, California 
Recent investigations concerning the application of variational 
principles to nonlocal field theories [7, 8, 30, 34-36, 461 have brought to 
light the fact that, in order to construct a variational theory for nonlocal 
phenomena, one has to introduce integrals which depend on several 
hypersurfaces, rather than on just one, as do the multiple integrals usually 
considered in the calculus of variations. It therefore appears that a 
systematic study of such integrals, using the direct methods of the 
calculus of variations, is worthwhile and should be initiated.l 
It is our aim to devote a series of papers to the variational theory of 
integrals depending on several hypersurfaces. In this paper, which is 
the first of this series, we shall establish geometrical conditions, i.e. 
conditions concerning the figurative, which are both necessary and 
sufficient for the continuity of these integrals. The necessity of these 
conditions is proved by reducing the problem to one that has been solved 
previously by Cinquini [l]. Their sufficiency is proved by applying, 
recursively, a proof given by Tonelli [48] for multiple integrals of the 
usual kind. 
It will be assumed throughout that all the surfaces considered are of 
the same dimension, +z, since surfaces of dimensions less than n may be 
represented as n-dimensional. 
* The preparation of this paper was sponsored in part by the Office of Naval 
Research and the Office of Ordnance Research. Reproduction in whole or in part 
is permitted for any purpose of the United States Government. The author also 
wishes to acknowledge the invaluable advice and help given by M. R. Hestenes 
and Berthold Schweizer in the preparation of this paper. 
1 An outline of such a theory, i.e., of the questions of semicontinuity and existence 
of minima of such integrals, was presented to the World Congress of Math- 
ematicians (Edinburgh, U.K., 1958). 
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The varieties, i.e., the sets of m surfaces, upon which the integrals 
depend, are the direct extension of Tonelli’s absolutely continuous 
surfaces [48]. The topology used is a direct e.utension of the uniform 
metric. As a result, on proper specialization, the theorems proved in 
this paper reduce to those characterizing the continuity of the usual 
multiple integrals, due to Tonelli [4X] and Cinquini [l-4], and to the 
theorems on Fubini-Tonelli integrals proved by Faedo 15, 61. 
Only first-order integrals are considered in this paper. Extension to 
integrals of higher order may be carried out by following a classical 
pattern [4]. 
The main result of this paper is the proof of the fact that an integral 
of the type considered is continuous if and only if the integrand is linear 
with respect to each of the gradients of the surfaces upon which it 
depends.2 
I. NOTATION, DEFINITIONS, AND REVIEW OF RESULTS 
1. In the sequel (unless otherwise specified), r will denote an index 
that ranges from 1 to m, and s, t indexes that range from 1 to PZ. The 
symbols x and p will denote two m x n matrices whose row-vectors are 
respectively x, and fir. The components of x, and pl, which are the 
elements of x and 9, will be denoted, respectively, either by x,S and p,S, 
or by x,” and pi. Lastly, y will denote a column vector with m compo- 
nents, y,. Thus: 
j p.2 . : . Pl” 1 
I.. 
, pi1 . : . p,m II 
G p. 
2 It appears, therefore, that it would be of interest to determine whether this 
same basic criterion also holds for more general spaces of varieties and weaker 
metrics such as, for example, the space of varieties which is obtained when one 
considers sets of surfaces of the type studied by C. B. Morrey [31-331 and G. Stam- 
pacchia [44, 451. 
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1. D, will denote a bounded open set of the n-dimensional Euclidean 
space of the vector x,; its boundary is a surface that is absolutely contin- 
uous, in the sense of Tonelli [50], and without multiple points. 
D will denote the Cartesian product 17, D,; and A the set of points 
of the m(n + 1)-dimensional Euclidean space of the variables X, y which 
projects onto D. 
3. Any set of m functions y,(q) = y*(ql,. . . , XT) which are absolutely 
continuous in the sense of Tonelli, will be called a variety V in ordinary 
form or also a variety V in nonparametric form. We shall denote by y(x) 
the vector-valued function defined by y(x) s (yr(~r),. . ., ym(x,J); 
the m functions y?(q) are the comfionents of V. If all the first order partial 
derivatives of all the functions y,(q) exist and are continuous, we shall 
say that the variety V is of class 1. 
4. $[x, y, $1 will denote a function, defined for each x in D, and for 
all possible y and 9, which is continuous together with all its partial 
derivatives of the form 
5. If ax, = I& ax,“, 
the mn-tuple integral 
4 I h:,; PS’ 
dx = IT, dx,, and p:(q) = (~Y,(x,)/~x,“), then 
Iv = $[x, y(x),P(x)ldx, 
J D 
which is a functional depending on the variety V, will be called variety 
integral in. ordinary (or nonparametric) form. A variety V, for which IyK 
exists and is finite will be called ordinary, and the set of all ordinary 
varieties V, will be denoted by K. 
REMARK 1.1: The fact that we are dealing with integrals in ordinary - 
and not in parametric - form is expressed by the fact that each of the 
y,(x,) is a function of only the vector xv, and not of the whole matrix x. 
It seems that it is this assumption which gives rise to the substantial 
differences - both in method and results - between our studies and 
those of Morrey [31-331. 
6. If P = T(x) z {~,(xJ} is a second variety, we define a distance 
p(V, V) between V and V - and thereby an m-uniform metric, p, on 
the space of varieties K - by setting 
Continuity and semicontinuity, both local and uniform, of Iv will 
(unless otherwise specified) refer to this metric. And Iv will be called 
continuous or semicontinuous if it is so on all of K. 
REMARK 1.2: If nz r-- 2 and IZ ==~ 1,then I, is a l;ubini-Tonelli integral. 
The continuity of this integral has been studied by Faedo in (5, 6;; its 
semicontinuity and the question of the csistcncc of a minimum WN-~ 
discussed in two of our previous papers [?I, 22 
If m = 1, IV is an ?t-tuple integral of the most general type considered 
by Tonelli [48, 501 and Cinquini [l-4]. Several results concerning these 
N-tuple integrals will be needed in this paper. These are: 
(a) The case m =: TZ = 1 (line integral) : If I,. is continuous, then 
in other words, if I, is continuous, 4 [x, y, $1 is linear i?a $. If, furthermore, 
exists and is continuous, then this condition is also sufficient for the 
contilzuity o/ IV [47 ; vol. 1, Chapters 9, 10, 111. 
(b) The case m = 1 (multiple integrals): If I, a’s continuous at each 
variety of class 1, then [l] 4[x, y, pj is a linear function of the vector PI, 
i.e., 4[x, y, $1 is a polynomial of degree not exceeding 1 in the variables plS, 
whose coefficielzts depend on x and y. This condition is equivalent to the 
identical vanishing of all the elements of the Hessian matrix 
Again, if all the partial derivatives (&$[x, y, p])/(ax,’ apls) exist 
and are continuolts, then the conditions (1.1) is also sufficient for the con- 
tinuity of IV at every stirface [48].a 
(c) In connection with his application of certain of Tonelli’s theorems 
in the proof of the continuity of the Fubini-Tonelli integrals, Faedo [C;] 
pointed out, by making only several minor changes, one could obtain 
a number of additional consequences from Tonelli’s hypotheses. Faedo’s 
remarks apply equally well to multiple integrals and also, with only 
slight variations, to our problem. In this manner, one is led to the 
following two statements, which are successive extensions of Tonelli’s 
fundamental .continuity theorem [47; vol. 1, p. 3891. 
3 Actually, these theorems were proved only for llz = 1 and n = 2, i.e., for 
double integrals. However, the methods are general, so that the results can imme- 
diately be extended to n-tuple integrals, for any n. 
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I. Let C be a class of equibomded swfaces, i.e., a class for which there 
exists a real number T such that the inequality, 
lYl(4 < T (1.2) 
holds for every x in D and every V zz y(x) belonging to C. If all the 
hypotheses of Remark 1.2(b) are satisfied, then I,, is uniformly continuous 
on C, i.e., for any E > 0, there exists a 6(s) > 0 such that, if V and p are 
both in C, then 
lI”--&<F, whenever p(V, P) < S(E). (1.3) 
Il. Let G be a class of functions $[x, y, $1 having the property that, 
for every T > 0, there exists an L > 0 such that whenever C#J[X, y, p] belongs 
to G and 
1~11 < T, (1.4) 
th,en the tuo inequalities 
(1.5) 
hold for any x in D and for any p and s. 
Let C be defined as in I and satisfy (1.2). Suppose further that all the 
hypotheses of Remark 1.2(b) are satisfied. Then I, is uniformly comtinuous 
on C and G, i.e., for any E > 0, there exists a d(s) > 0, such that the statement 
(1.3) holds whenever V and V both belong to C and c$[x, y, $1 belongs to G. 
II. NECESSARY CONDITIONS FOR SEMICONTINUITY 
Definitions: The function f(P), of p alone, defined by f(p) = c$[x, y, $1, 
will be called the figurative of I, at (x, y). 
1. Statement of the problem. We begin by pointing out that, form > 1, 
the linearity of the figurative is no longer a necessary condition for 
continuity. This is shown by the following: . 
Example: Let m = 2, n = 1, D, = D, = [0, 11, and consider 
#J Lx, YI PI = PI1 * P,l. 
The Fubini-Tonelli integral 
11 1 
I" = 
1s 
P,W *P,Yx,) d~,'dx,~= PlWd~l. P,Yx,) ax, 
0 0 i 5 0 0 
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is continuous since it is the product of two line integrals which are 
continuous by Tonelli’s theorem (see Remark 1.2.(a)) ; the adopted ‘I-uni- 
form metric therefore implies the continuity of IL,. 
Nevertheless, the figurative of Jr’ is never represented bv a plane, since 
the equation 
a,$[% Y? PI _ , 
aP,l P2l 
holds for every x, y, p [21]. 
This example suggests a condition for characterizing the continuity 
which may be expressed as follows: The figurative is a linear function 
of each of the vectors p,, but not necessarily a linear fraction of the matrix 9. 
It is readily verified that this condition, from which we shall obtain 
continuity theorems analogous to those of the classical theory of simple 
and multiple integrals developed by Tonelli, reduces to Tonelli’s condition 
in the case m = 1 [l, 47, 481, and to Faedo’s condition for Fubini-Tonelli 
integrals [5, 61 in the case n = 1. 
This condition is equivalent to the identical vanishing of all the 
elements of all the Hessian matrices 
(2.1) 
2. Proof of the necessity of the condition. We prove the following 
theorem, which, in the case of multiple integrals (m = l), reduces to a 
theorem of Cinquini [l] : 
THEOREM 2.1. If IV is continuozls, then all the elements h”~S~t (x, y, 9) 
of each of the matrices H, vanish identically; i.e., $[x, y, $1 is a linear 
function of each of the vectors p,. 
Let IV = SD $ix, ~(4, P(x)1 d x b e a continuous integral and assume 
that there exists a set X, y, j, 7, S, i of values of the variables x, y, p and 
of the indexes Y, s, t, such that 
B(3, 7, a, = WJ(Z, 7, 2) # 0. (2.2) 
Suppose first that 
B(% y, 2) < 0, (2.3) 
and consider the class K, c K, consisting of all the ordinary varieties 
I’,, G y(x) G yV(x,) of cZass 1, which, for each Y # f, satisfy both of 
the conditions : 
Y,(%) = $9 (2.4a) 
grad r,(x,) = #,, (2.4b) 
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where X,, al are the rth row vectors of the matrices 2, 6, and jj,, yI the 
rth components of the column vectors j, Y. 
Two varieties in K, differ only in the 7th component. The common 
components of .a11 the varieties VK, are represented by hyperplanes 
whose gradients are the constants fi,(r # 7). 
Since B(x, y, @) = h”s”v’ (x, y, 9) is a continuous function, with 
each r # 7 we may associate an open sphere S, which is contained in D, 
and centered at Z,, and a positive number 6, such that the following two 
conditions are both satisfied : 
(a) For each Y # 7, $jY - 6 < yl(x,) < TV + h, whenever x, E S,. 
(b) If S is the Cartesian product 17yrZF S,, and S, the Cartesian 
product, 
then the inequality 
ax, Y, a, < 0 (2.5) 
holds at every point of S,. 
If 3 is the Cartesian product S x D, which is contained in D, and 
C(S) is the set of points of D which have a positive distance from the 
set s, then Ir, can always be written in the form 
Iv = +lI-% Y(4>#(x)ldx + 
5 c 
$r% y(4,Mldx. (2.6) 
s qs, 
Let us consider the class L of the varieties W z y(x), x E S, such that 
the integral IW = ss $[x, y(x), p(x)] d x exists and is finite. L is a class 
of varieties defined over S. Via a reductio ad absurdurn it may imme- 
diately be proved that the continuity Iv implies the continuity of I,. 
Now let L be the subclass of L consisting of all the varieties w of 
L of class 1 which, for each Y # f, satisfy both (2.4a) and (2.4b). Let 
x*, p*, x*, #* be respectively the (m - 1) x B-matrices obtained from 
X, p, 2, $ by elimination of the 7th row, and let y* and jj* be the (m - l)- 
vectors obtained by elimination of the it11 component from y and 9. 
Let 
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The function $[x; T*(X), y,(x) : a*(x), ~~(3;) is a continuous function 
of x. If, furthermore, 
VW%, Y,-, P,) = 1 $‘x; y*(x), yi; p*(,Y), pr1 ax* (2.7) 
then, for every W of L 
Since the continuity of a function of several variables implies its continuity 
with respect to each of them, the continuity of the functional IW over 
the class of varieties L implies the continuity of the functional 1~ over 
the class 1. Now, by (2.8), 1~ is a multiple (n-tuple) integral; and since 
$[xi, yi, pi] is continuous together with all its partial derivatives 
by the results quoted in Remark 1.2(b), we have 
(2.9) 
for every ljr, p,, and every Xi E Di. 
But by (2.5) and (2.7), we have the inequality 
a,+[~ip iii, ihI _ BLx* 
apiS ap$ 1 ,~i;~*(X*),~i;~*(X*),~i]dx*<O 
s 
which is incompatible with (2.9). 
A similar argument shows that the inequality B(x, y, @) > 0 is also 
impossible, whence our theorem is proved. Summarizing, we have 
shown that the most general function +[z, y, $1, such that 
is continuous, is a polynomial in the variables p,‘, which is of degree not 
greater than 1 in each vector p,, and whose coefficients are functions of 
x and y; i.e., the figurative of a continuous IV must be linear in each 
vector p,, and consequently multilinear in p. 
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III. SUFFICIENT CONDITIONS FOR CONTINUITV 
Statement of the problem. We now ask whether the linearity of the 
figurative with respect to the vectors fi,, which was proved to be a 
necessary condition for the continuity of I,, is also a sufficient condition. 
If no further hypotheses are made, the answer to this question is in the 
negative: this was shown by Cinquini [l], who exhibited a discontinuous 
double integral (m = 1, n = 2) for which all the elements of H, vanish 
identically. It is to be pointed out that in Cinquini’s example the two 
partial derivatives 
(3.1) 
are discontinuous, indeed unbounded. 
\Ve shall prove that if we consider only integrals for which certain 
derivatives of the function +[x, y, $1, which are the natural extension 
of the derivatives in (3.1), are continuous, then the linearity of the 
figurative with respect to the vectors p, is both necessary and sufficient 
for the continuity of the integral. Our hypothesis is the following: 
HYPOTHESIS 3.1. Let q be uny integer such that 0 < q < m. Let U, 
be any set of q distinct positive integers out of the first m. Let c be an index 
ranging over U, and p(T) b e a mapping of U, into the set of the first s positive 
integers. 
For each q (q = 0, 1, 2,. . ., m) and U, all the partial derivatives of the 
form 
(3.2) 
exist and are continuous for every x E D and for every y and 9. 
REMARK 3.2. The hypothesis (3.1) suggests the following extension 
of Faedo’s conditions (Remark 1.2(c)) to the case m > 1 : 
(a) In the definition of C, replace (1.2) by 
lYSX)l < T for every r ; (1.2’) 
(b) Replace (1.5) by the requirement that for every q, U,, p(c), every 
x E U and every y, such that 
IY~I < T for every Y, (1.4’) 
LVe are now in a position to prove (by induction) the following. 
'~HEOKEM 3.3: If all the elements of all the matrices H, valzish identicalL!*, 
and if Hypothesis 3.1 is satisfied, then IL7 is contiwous. 
It is easily seen that the definition of the matrices H, and Hypoth- 
esis 3.1 are such that in the case of simple (m = r~ =m I), multiple (m = l), 
and Fubini-Tonelli (1% = I) integrals, this theorem reduces exactly to 
the ones proved respectively by Tonelli ( [4ij, p. 385388), Tonelli 148 I, 
and Faedo 6;. 
PROOF: The most general function 4 LX, y, 9~ such that I,,, satisfies 
the hypothesis of Theorem 3.2 may be written in the form 
where all the CrS(z, y) are continuous together with their derivatives 
The second member of (3.3) is a polynomial in the variables p,” of 
degree not exceeding one in each of the vectors p,, which may be 
symbolically written in the form 
+[%YlP,= 2 /7 p$‘@) E,+, y). (3.4) 
): i. 
In (3.4), E,fi(~, y) denotes the coefficient of the element defined by the 
set x of k distinct nonnegative integers not 3, greater than m, and by the 
mapping ,u(A) of x into the set of the first n positive integers. Clearly 
E,@(x, y) is continuous together with all its derivatives of the form 
akE/(x, Y) 
-rqpiT . 
Due to the linearity of the operator 
(3.5) 
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applied to $[x y, $1, it is sufficient to prove the theorem for the case 
in which the polynomial (3.4) consists of only one nonvanishing term, 
i.e., for 
In order to simplify the notation, the expression on the right-hand 
side of (3.6) will be written throughout in the form 
fl, p,r@’ E(x, y) (3.7) 
where, for q = 0, the product of the p’s is taken to be 1. 
In the case q = 1 Iv is a multiple integral in which the integrand, in 
addition to the variable with respect to which the integration is being 
performed, depends also on all the variable vectors x, and on the cor- 
responding variables yr. Since Faedo’s hypothesis is satisfied (Remark 
1.2(c), II) Iv is uniformly corttinuous with respect to any class C of 
equibounded varieties and any class G of functions +[x, y, p]. 
We now assume that uniform continuity on any C and G has been 
proved for q - 1, (4 > l), and, by induction, we prove it for q (see 
Remark 3.2). 
Let I/ = y(x) and Y G p(x) be two varieties belonging to a class C 
of equibounded varieties, such that the inequalities 
lrr(xr) 1 < T, /T,is)l < T, (3.8) 
where T is a positive real number, hold for every x and r ; let p = p( I/, p). 
Let x0, yo, To, PO, So denote the sets (xl,. . . , xq - A (yl, . . . I yq - d, 
(&. . . , Yq-l), (pl,. . . , pq-J, (a,, . . . , $,-I) respectively, and let 
q-1 
Assume that the function 4 [x, y, $1 belongs to a class G. Considering (3.7), 
we may write 
II, - Ip 
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The last integral of (Y.!,) may be written in the form 
(3.11) 
Now let E > 0 be given. In view of Remark 1.2(c), there exists a 
positive number p1 < T/S, such that for 0 < p < pl, the absolute value 
of the expression (3.10) is less than e/2. 
The first integral on the right side of (3.9) may be written in the form 
where 
(3.13) 
Let U, be any set of g distinct positive integers out of the first q - 1, 
and let q be an index ranging over U,. Let ~(7) be a mapping of U, into 
the set of the first n positive integers. Let Go be the class of all the func- 
tions E[x, yo, yq(xq)?. Since E[x, yj and its derivatives 
a? Ix, rl 
aXgS 
are bounded for x E D, 4 Lx, y, $1 E G and lyrl < T, the integral (3.13) 
is faniformly colztimom on C and Go, and is therefore bounded for x E I), 
lyVj < T. The same is also true for all the derivatives 
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this latter fact being a consequence of the boundedness of the derivatives 
(3.15) 
and of Remark 1.2(c), II. 
Therefore the (q = 1) integral 
i 
P,hW~[~J YoMl% (3.16) 
. 
I),, 
is uniformly continuous on C and G,, where C is a class of varieties, each 
of which consists of the first q - 1 components of a variety I’ of C. 
Hence, by hypothesis, a positive number p2 < pr may be determined 
such that, for 0 < p < pZ, the integral (3.12) is less than F/i?. Therefore, 
for any such p, 
The uniform continuity of I,. on C and G is thus proved. 
IV. CONCLUSION 
The results of Sections II and III may be summarized in the following 
manner: If hypothesis 3.1 is verified, then the followilzg propositions are 
equivalent: 
1. IV is continzcoats. 
,". #I% Y? PI 1' as tnear with respect to each vector 9,. 
3. C$ [x, y, p] is a polynomial in pi, of degree not greater than 1 i+a 
each vector p,, whose coefficients depend zapo?z x and y. 
4. $[x, y, $1 may be written in the form (3.3). 
5. r$[x, y, fi] may be written in the form (3.4). 
6. The figurative of IV is a linear function of each vector p,, and is 
consequently a multilinear function of the matrix p. 
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